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Abstract
The four self-couplings λhhh, λhhH , λhHH , λHHH and decay width Γ(H → hh) are
calculated taken into account one-loop t, b, c - (s)quarks, τ - (s)lepton corrections in the
framework of the Minimal Supersymmetric Standard Model (MSSM). By the example
of self-couplings dependencies from tgβ andMA, it is shown, that calculated corrections
can give the essential contribution to self-couplings and decay width determined at
one-loop level. The radiative corrections account becomes necessary condition for per-
formance of Higgs potential reconstruction procedure and experimental confirmation
of Higgs mechanism.
∗ email:yuphil@ssu.samara.ru
1 Introduction
Higgs Mechanism is a crucial element in construction of modern realistic gauge models
in quantum field theory [1–9]. Today, however, the given mechanism has not received direct
experimental confirmation. One of steps in program of experimental confirmation of Higgs
mechanism realization in nature is an experimental determination of Higgs self-couplings,
predicted in framework of the model [10]. The given task becomes more actual in super-
symmetric extensions of Standard model (SM) where the structure of self-couplings is also
defined by supersymmetry principles. The last ones also have no experimental confirmation.
There are many processes in the MSSM, which amplitudes and total cross sections are
defined by Higgs self-couplings. In the ideal case all the processes could be realized on
future high luminosity colliders and it would be possible to determine self-couplings by their
measured cross sections. In practice, not all the cross sections will be large enough, to be
accessible experimentally. In works [11–14] it has been shown, that Higgs self-couplings
λhhh, λhhH have maximal areas of sensitivity to determination in elementary processes at
high-energy e+e− – colliders.
There is special interest to the trilinear self-coupling λhhH , because one defines width of
decay H → hh (at tree level):
Γ(H → hh) =
λ2hhH
32πMH
√
1−
4M2h
M2H
, (1)
where M{h,H} –masses of CP-even Higgs bosons h,H . The given channel is the basic mode
of heavy Higgs boson decay in part of the parameter space with H masses between 200 and
350 GeV and for moderate values of tgβ [15]. The resonant H decay enhances the production
cross sections for e+e− - processes with hh-final states by an order of magnitude [11] thus
improving the potential for the measurement of the Higgs self-coupling λHhh. Moreover this
decay increases the cross sections of LHC processes with the same final states by up to 2
orders of magnitude [16].
Necessity for the precise theoretical prediction of possible values of Higgs self-couplings
has pushed many experts to calculation the parameters taken into account one-loop cor-
rections in various perturbation approaches. For instance, Higgs self-couplings have been
calculated in Renormalization Group Approach (RGA) [17–20], taken into account leading
logarithmic t − t˜ one-loop corrections; in Effective Potential Approach (EPA) with using
t− t˜ one-loop corrections [21] and t− t˜, b− b˜ one-loop corrections [22]; in Feynman Diagram
Approach (FDA) taken into account both t− t˜ one-loop corrections [23] and complete set of
one-loop corrections for λhhh, λHHH self-couplings [24–25]. It is shown, that b − b˜ one-loop
corrections are essential at large tgβ and should be taken into account. Summarizing the
previous work, it is possible to approve, that one-loop radiative corrections to the trilinear
Higgs self-couplings with lightest Higgs boson (h) can be rather significant and their account
essentially modifies final results for observables.
The decay width Γ(H → hh) has been calculated with use of one-loop results for Higgs
self-couplings [14,26]. It is demonstrated, that calculated corrections to self-couplings essen-
tially increase values of Γ(H → hh) for MH ≤ 500 GeV and moderate values of tgβ.
The main goal of the present work is calculation of four Higgs self-couplings λhhh, λhhH ,
λhHH , λHHH and decay width Γ(H → hh) taken into account Yukawa one-loop t, b, c -
1
(s)quarks, τ - (s)lepton corrections in FDA. We consider that account of τ − τ˜ -, c− c˜ - loops
is expedient, because Yukawa couplings of b-quark and τ -lepton have identical structure and
masses of these particles and c-quark have one order. We neglect Yukawa contributions
of other particles since their masses much less than masses specified particles. Interest to
the goal is caused by the analysis of Higgs potential modification by means of the one-
loop corrections account (not considered earlier), and use on-shell renormalization scheme,
based on the results of work [27]. The scheme has not been used in calculations of radiative
corrections for Higgs self-couplings in general case.
2 MSSM Higgs sector at tree level
The Higgs sector in MSSM includes two doublets of scalar fields 1):
H1=
( 1√
2
(v1 + φ
0
1 − iχ
0
1)
−φ−1
)
, H2=
(
φ+2
1√
2
(v2 + φ
0
2 + iχ
0
2)
)
.
They are characterized by hypercharge Y1 = −Y2 = −1 and vacuum expectation values v1,
v2. A part of lagrangian (Higgs potential) contains mass terms and terms of scalar fields
interactions is determined by next expression
VHiggs = m
2
1 |H1|
2 +m22 |H2|
2 −m212
(
ǫij H
i
1H
j
2 + h.c.
)
+
+
1
8
(g21 + g
2
2)
(
|H1|
2 − |H2|
2
)2
+
1
2
g22 |H
†
1 H2|
2, (2)
m21, m
2
2, m
2
12 – soft SUSY-breaking parameters, g1, g2 –UY (1) and SUL(2) – gauge constants;
ǫ11 = ǫ22 = 0, ǫ12 = −ǫ21 = 1.
For observables calculation it is necessary to proceed to basis of physical fields by means
of the following rotations in initial scalar fields space (Higgs potential diagonalization):(
φ01
φ02
)
= D(α)
(
H0
h0
)
,
(
χ01
χ02
)
= D(β)
(
G0
A0
)
,
(
φ±1
φ±2
)
= D(β)
(
G±
H±
)
. (3)
In expression (3) D(α), D(β) –matrixes of O(2) – rotations, G0, G±–Goldstone modes. The
MSSM Higgs physical states are represented by: 1) two CP -even neutral states {h0, H0}, 2)
one CP -odd neutral state A0, and 3) two charge states H±.
Higgs potential (2) contains two free parameters after diagonalization (3): a tangent of
mixing angle β and A0-boson mass, MA which are defined by the following expressions:
tgβ =
v2
v1
, M2A = m
2
12(tgβ + ctgβ).
The masses of other Higgs states are represented as follows
m2h,H=
1
2
[
M2A +M
2
Z ∓
√
(M2A +M
2
Z)
2 − 4M2ZM
2
A cos
2 2β
]
, m2H± =M
2
A +M
2
W ,
1)Hereinafter we use the designations offered in [28].
2
M{W,Z} –masses of W -,Z-bosons. Mixing angles α and β are connected by next expression
tg2α = tg2β
M2A +M
2
Z
M2A −M
2
Z
, −
π
2
< α < 0.
A part of Higgs sector lagrangian, included triple Higgs bosons (h0, H0) interactions looks
as follows
L
(3)
Int =
λ
(0)
hhh
3!
h0h0h0 +
λ
(0)
hhH
2!
h0h0H0 +
λ
(0)
hHH
2!
h0H0H0 +
λ
(0)
HHH
3!
H0H0H0. (4)
The main parameters characterized intensities of Higgs boson interactions are Higgs self-
couplings {λ
(0)
ijk}. The trilinear Higgs self-couplings for given bosons at tree level are:
λ
(0)
hhh = 3λ0s(β+α)c2α, λ
(0)
hhH = λ0[2s2αs(α+β) − c2αc(α+β)],
λ
(0)
hHH = −λ0[2c(β+α)s2α + s(β+α)c2α], λ
(0)
HHH = 3λ0c(β+α)c2α,
}
, (5)
where λ0 = M
2
Z/v, v =
√
v21 + v
2
2, sx = sin x, cx = cosx. The Higgs self-coupling structure
is modified when we include radiative corrections in view.
3 Higgs self-couplings calculation at one-loop level
3.1 Vertex functions at one-loop level
The central object of further investigations is n-point Vertex Function (VF), which in
one-loop approximation is represented as
Γ
(n)
[R] = Γ
(n)
[0] + Γˆ
(n)
[1] , (6)
where first term Γ
(n)
[0] determines VF at tree level, (for n = 3 it coincides with self-coupling
of system (5)). Second term in (6) defines renormalized one-loop contribution in vertex
function and is shown as sum of all considered one-loop corrections (summation on types of
diagrams (i) and on sets of virtual particles fields – {j}) and counterterm:
Γˆ
(n)
[1] =
∑
i,{j}
∆Γ
(n)
i,{j} + δΓ
(n).
All types of one-loop diagrams contributing to the one-, two- and three-point Vertex
Functions are submitted on fig. 1. Calculation of corrections is fulfilled in t’ Hooft-Feynman
gauge with use of a standard set of Feynman rules [28].
3.2 On-shell - renormalization of vertex function
For definition of counterterm δΓ(n) we shall use standard On-shell renormalization scheme
[27]. Structure of counterterms is fixed by system of standard renormalization conditions for
• self-energies of gauge bosons Z, W, γ, and Higgs boson A;
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Figure 1: generic Yukawa one-loop diagrams contributing to the one-, two- and three-point
Vertex Functions.
• mixing energies A− Z,γ − Z;
• residue conditions for A, γ-bosons propagators;
• the renormalization of tgβ in such a way that the relation tgβ = v2/v1 is valid for the
one-loop Higgs minima;
• the tadpole conditions for vanishing renormalized tadpoles, i.e. the sum of the one-loop
tadpole diagrams for h0, H0 and the corresponding tadpole counterterm is equal to
zero.
Solving the received system of 11 linearized equations concerning initial counterterms, we
have received the following results for counterterms of three-point Higgs Vertex functions:
δΓhhh =
3g2M2Z
4M2
W
[(
− 3MWΣ
′
A(M
2
A) +
1
MW s2w
(1− 2s2w)ΣW (M
2
W ) +
MW
M2
Z
s2w
(−1 + 3s2w)×
×ΣZ(M
2
Z) +MWΣ
′
γ(0)−
2sw
MZ
ΣγZ(0)
)
c2αs(α+β) +
MW
2MZs2β
ΣAZ(M
2
A)
(
− s(α−3β) +
+3s(3α−β) − 7s(α+β) + s(3(α+β))
)]
,
δΓhhH =
g2M
2
Z
4M2
W
[(
− 3
2
MWΣ
′
A(M
2
A)−
1
2MW s2w
(−1 + 2s2w)ΣW (M
2
W ) +
MW
2M2
Z
s2w
(−1 + 3s2w)×
×ΣZ(M
2
Z) +
MW
2
Σ′γ(0)−
sw
MZ
ΣγZ(0)
)
(c(α−β) − 3c(3α+β)) +
MW
2MZs2β
ΣAZ(M
2
A)
(
c(α−3β) −
−9c(3α−β) + 7c(α+β) − 3c(3(α+β))
)]
,
4
δΓhHH =
g2M
2
Z
4M2
W
[(
3
2
MWΣ
′
A(M
2
A) +
1
2MW s2w
(−1 + 2s2w)ΣW (M
2
W ) +
MW
2M2
Z
s2w
(−1 + 3s2w)×
×ΣZ(M
2
Z) +
MW
2
Σ′γ(0) +
sw
MZ
ΣγZ(0)
)
(s(α−β) + 3s(3α+β))−
MW
2MZs2β
ΣAZ(M
2
A)
(
s(α−3β) +
+9s(3α−β) + 7s(α+β) + 3s(3(α+β))
)]
,
δΓHHH =
3g2M2Z
4M2
W
[(
− 3MWΣ
′
A(M
2
A) +
1
MW s2w
(1− 2s2w)ΣW (M
2
W ) +
MW
M2
Z
s2w
(−1 + 3s2w)×
×ΣZ(M
2
Z) +MWΣ
′
γ(0)−
2sw
MZ
ΣγZ(0)
)
c2αc(α+β) +
MW
2MZs2β
ΣAZ(M
2
A)
(
c(α−3β) +
+3c(3α−β) + 7c(α+β) + c(3(α+β))
)]
.
In last system sw = sin θw, θw –Weinberg angle.
3.3 Decay Amplitude calculation at one-loop level
Calculation of decay width at one-loop level is reduced to calculation of process amplitude
AH→hh, since one defines expression for decay width as
Γ(H → hh) =
|AH→hh|
2
32πMH
√
1−
4M2h
M2H
, (7)
where Mh,MH –masses of CP -even Higgs physical states in the corresponding approxima-
tion, being real parts of the following equation roots:[
p2 −m2h + Σˆhh(p
2)
] [
p2 −m2H + ΣˆHH(p
2)
]
−
[
ΣˆhH(p
2)
]2
= 0.
For determination of AH→hh we shall make transition to basis of renormalized fields by means
of Z-matrix (
h
H
)
7→
(
Z
1
2
hh Z
1
2
hH
Z
1
2
Hh Z
1
2
HH
)(
hR
HR
)
in lagrangian (4) in which are included Higgs self-couplings at one-loop level. Isolating the
coefficient at product hRhRHR, we derive expression for amplitude of process
A = Z
1
2
HH
[
Z
1
2
hh
]2
Γ
[I]
hhH + 2Z
1
2
HHZ
1
2
hhZ
1
2
HhΓ
[I]
hHH + Z
1
2
hH
[
Z
1
2
hh
]2
Γ
[I]
hhh. (8)
Taking into account next on-shell condition: real part of residue from propagator in a pole
should be equal to unit, it is possible to show, that Z-matrix elements are represented as
follows:
Z
1
2
hh = 1− Σˆ
′
hh(M
2
h), Z
1
2
hH = −ΣˆhH(M
2
H)/(M
2
H −M
2
h),
Z
1
2
Hh = −ΣˆhH(M
2
h)/(M
2
h −M
2
H), Z
1
2
HH = 1− Σˆ
′
HH(M
2
H).
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4 Numerical results and analysis
Let’s consider numerical results for self-couplings and decay width derived by scheme
of calculation, presented in previous sections. Dependence λhhh (in units λ0 = M
2
Z/v)
Figure 2: dependence from tgβ of (a) new results for self-coupling λhhh (in units λ0); (b) RGA
results [18–20], EPA results [21], FDA complete one-loop results [24, 25] for Af = 1 TeV,
µ = 0.5 TeV, MQ˜ = MU˜ = MD˜ = ML˜ = MR˜ = 1 TeV,
√
p23 = (2Mh + 10) GeV.
Figure 3: dependence from tgβ of (a) new results for self-coupling λhhH (in units λ0); (b)
RGA results [18–20], EPA results [21] for Af = 1 TeV, µ = 0.5 TeV, MQ˜ = MU˜ = MD˜ =
ML˜ = MR˜ = 1 TeV,
√
p23 = (2Mh + 10) GeV.
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from tgβ for four values of MA is represented on fig. 2.(a). Obviously, one-loop contribution
essentially modifies tree-level result for any valueMA. The problem of significant corrections
to the given self-coupling has been investigated in details in [23]; the exhaustive explanation
to the specified phenomenon has been given. On fig. 2.(b) RGA results [18–20], EPA
results [21], FDA complete one-loop results [24, 25] are shown. The new results are most
consistent with RGA results. Difference between new results and FDA complete one-loop
results [24,25] is determined by non-leading one-loop corrections with virtual gauge bosons,
Higgs bosons, chargino, neutralino (discrepancy is about ≤ 0.25λ0). All investigating Higgs
self-couplings very weakly depend from MA, µ, Af ,MS, therefore we will not demonstrate
these dependencies.
Figure 4: dependence from tgβ of (a) new results for self-coupling λhHH (in units λ0); (b)
RGA results [18–20], EPA results [21] for Af = 1 TeV, µ = 0.5 TeV, MQ˜ = MU˜ = MD˜ =
ML˜ = MR˜ = 1 TeV,
√
p23 = (Mh +MH + 10) GeV.
On fig. 3(a)-(b) the curves of dependence λhhH(tgβ) are demonstrated. Apparently,
one-loop contributions in this case are not so large as in previous case. Maximal value of
correction is reached for small values MA and tgβ. It is necessary to note, that our results
in the specified area of values MA and tgβ are less then values RGA and EPA results. This
fact is caused by nonzero value p3, impulse of virtual Higgs boson.
Fig. 4 demonstrates the curves of dependence λhHH(tgβ), which are given in different
perturbative approaches. Our curves testify to significant size of the corrections as against
predecessors results. The reason for that – display of threshold effects. It is well known,
correct description of observables near threshold of production is achieved only in Feynman
diagram approach. Our results are derived at
√
p23 = (Mh+MH+10) GeV, that corresponds
to threshold region. There is one more feature – at large tgβ we can observe significant
increase of Higgs self-coupling, calculated at one-loop level. This is a result of bb˜, τ τ˜ – loop
corrections growth. The last fact is bright confirmation of necessity in the given one-loop
contributions account.
7
Figure 5: dependence from tgβ of (a) new results for self-coupling λHHH (in units λ0); (b)
RGA results [18–20], EPA results [21], FDA complete one-loop results [24,25] for Af = 1 TeV,
µ = 0.5 TeV, MQ˜ = MU˜ = MD˜ = ML˜ = MR˜ = 1 TeV,
√
p23 = (2MH + 10) GeV.
Figure 6: dependence of decay width from Higgs boson mass (Mh,MH , MA). for (a) tgβ = 3,
(b) tgβ = 50 and Af = 1 TeV, µ = 0.5 TeV, MQ˜ = MU˜ = MD˜ = ML˜ = MR˜ = 1 TeV.
As for one-loop corrections for self-couplings λHHH , that ones are small. Growth of loop
corrections at large tgβ and threshold effect are not shown almost, since calculation is carried
out for more heavy particles.
The dependence of decay width Γ(H → hh) from mass of neutral Higgs boson(s) at
various values tgβ is submitted on fig. 6.(a)-(b). Fine agreement of different approaches
results we can see at tgβ = 3. The reason is obvious, dominating contributions into final
result for decay width are tt˜ – corrections which are taken into account in all approaches. At
tgβ = 50 results EPA and FDA are close. Discrepancy is caused only by the account of bb˜,
8
τ τ˜ - loop contributions in FDA.
Fig. 7.(a)-(f) demonstrates sensitivity areas of ΓH→hh for fix limit value, represented in
plane tgβ −MA. It is necessary to note, that our results have ”more good” behaviour than
outcomes of [26], since the region where Γ(H → hh) ≥ 0.15 (GeV) (in our results) lays in
the interval of heavier MA. It is more preferable case for recent experimental restrictions
and theoretical scenarios.
Figure 7: (a)-(f) sensitivity areas of ΓH→hh for fix limit value, represented in plane tgβ−MA,
for Af = 1 TeV, µ = 0.5 TeV, MQ˜ =MU˜ = MD˜ =ML˜ =MR˜ = 1 TeV.
5 Conclusions
Thus dependencies of Higgs-self couplings λhhh, λhhH , λhHH , λHHH and decay width
Γ(H → hh) from tgβ, MA have been analysed in present work. It has been shown, that one-
loop results can essentially differ from tree-level ones. Applying for the precision comparative
analysis of theoretical and experimental results with goal of self-couplings determination, it is
necessary to use at least one-loop approximation. Last fact becomes a necessary condition of
Higgs potential reconstruction and experimental confirmation of Higgs mechanism realization
in nature.
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